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The propagation of waves governed by hyperbolic systems at a surface is in general reflective. The numerical
solution of many problems in mechanics necessitates the truncation of an open space to a finite domain. The
reflectivity of the boundary of a truncated domain can be effectively characterized by a few parameters and
implemented as a time-domain impedance boundary condition. It is shown that the concept of a time-domain
impedance boundary condition affords a simple and effective treatment of waves, allowing them to exit the surfaces
of a truncated domain as a causal, local, space-time continuation rather than a global boundary confinement. We
present and discuss the open-space impedances of radiative and convective fields, their modeling, analytic structures,
implementation, and solution effectiveness as an open-space impedance boundary condition. We further propose a
general methodology for numerical definition of open-space impedance and its application within existing schemes to
reduce truncated domains and computational resources.

Nomenclature
c = sound speed
cos¢ = n-j
cosé = n-i
g = finite-width convection-effect coefficient
i,j = Cartesian basis vectors
j = /=1 complex constant
k = wave number
L = operator of the governing equation
M = Mach number
n = surface normal vector
r = /x* + y? radial distance
s = jw Laplace variable
t, T = time measure, time period
U = freestream speed
u,u,,q = horizontal, radial, and magnitude of the velocity
components
W(t) = reflection impulse
W(w) = reflection coefficient
Z(w) = impedance
o = V1 — M?sin?0
B = J1-M
At = time step
0 = angular orientation
s = cosfcos& + B2sinfcost
P = velocity ratio
Lo = density
r = domain bounding surface
o, 0 wave solutions
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I

UMEROUS problems in mechanics involve time-progressing

solutions for open infinite spaces, but the domain in which these
problems are discretized (by, for example, finite-difference/element
methods for solutions of equation models on the digital computer)
must be of finite numerical (and hence physical) dimensions. The
truncation of an infinite space to a finite space immediately raises the
following questions:

1) What is a suitable size?

2) What conditions are to be imposed on the solution variables at
the boundaries of the truncated domain?

3) How can these conditions be incorporated into the solution
process accurately and efficiently?

Various methods such as the artificial boundary condition or
nonreflecting boundary condition have been proposed for imposing
constraints on the solution variables at the boundary I" of a truncated
domain. The objective of these methods is to allow the solution being
advanced on the truncated domain to evolve as it would if advanced
on a larger or unbounded infinite domain. These methods find
applications in a wide range of equation models, from the Navier—
Stokes equations in fluid mechanics to the Maxwell equations in
electromagnetism. A common feature in these equation models is the
Laplacian operator V2 that renders them spatially elliptic and
requires their solution be bounded in all directions. The importance
and level of difficulty of this topic have been summarized in two
major review papers by Givoli [1] and Tsynkov [2]. Both authors
categorized the majority of methods for posing boundary conditions
of truncated domains into local and nonlocal/global methods,
commented on the inadequacies of the local methods, and advocated
various approaches to imposing integral/global constraint on the
dependent variables and their normal derivatives on a surface T’
separating the truncated domain and its exterior of infinite extent. No
significant approach has since been found to reassess Tsynkov’s
remark [2] that “the construction of the ideal boundary
conditions. . .remains a fairly remote possibility” and Roe’s remark
cited in Govoli [1] that “A recurring frustration in computational
fluid dynamics is the apparent difficulty of giving numerical
expression to very simple statements...that the boundary is
transparent to waves of any kind.” There is, however, a separate class
of methods that circumvent the closure problem of the Laplacian
operator by patching a layer of wave-absorbing solution model and
grid to the truncated domain to provide a buffer to the numerically
truncated solution (see, for example, Hu [3]).

Introduction
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The developments of the artificial and nonreflecting boundary
conditions for the closure of a solution on a numerically truncated
domain were based on two principal assumptions. The first is that the
solution progresses locally as waves propagating across I', and the
second is that the constraints on the solution at I" are consistent with
the requirement that the solution remains bounded at infinity. The
progression of the solution as waves provides a theoretical basis for
the development of local methods as a set of Cauchy initial data (i.e.,
the values of a function and its normal derivative on a
noncharacteristic contour of finite spatial and temporal extents by
the method of characteristics), but it is hampered by the notorious
difficulty of consistently, efficiently, and accurately extending the
Cauchy data on I' elsewhere as a solution in more than one spatial
dimension. Nonetheless, many local methods imposing algebraic/
differential constraints on the Cauchy values at I" have been proposed
(e.g., [4]). The second assumption, known as the Sommerfeld
radiation condition in classical mechanics, is required as a result of
having to solve the Fourier-transformed wave equation (the
Helmbholtz equation) as an elliptic system on an infinite domain. This
assumption has led to developments of local constraints as a set of
asymptotically decaying wave modes applicable to boundaries of
sufficiently large domains [5], sequences of local constraints for
progressively better compliance of the assumption [6], nonlocal
constraints as solutions to analytically equivalent easily solvable
auxiliary problems [2], or localized global constraints [7] as
approximations to the Kirchhoff-Helmholtz integral on I" (see [2]).

Both assumptions are germane to the solution of steady-state
boundary-value problems, which are often achieved through an
iterative process equivalent to the propagation of error waves
(nonuniformity unsupported by the spatial operator) in pseudotime.
An accurate numerical solution is achieved only when all errors,
measured as a broad spectrum of solution residue, are allowed to
escape the confinement of the numerical boundary. Unless the
conditions on the artificial boundaries allowed all residue-waves to
escape or to be perfectly absorbed [3], their reflections would remain
somewhere within the computational domain until dissipated slowly
by some physical or numerical damping mechanisms. We will see
that for a nondissipative solver, letting all waves go out (and, at the
same time, preventing the entrance of waves at a boundary I') is
generally a conflictive paradigm and a formidable objective to which
most researchers on this topic subscribe [1]. Furthermore, over a
finite computing time, all waves would only have moved a finite
distance from a finite boundary; their corresponding effect due to the
elliptic operator from that distance on the solution at I" would
generally not be the same as if they had reached infinity. Strictly
speaking, the second principal assumption has only theoretic
relevance to the open-space solution that should not and cannot be
attained numerically over finite time at a finite boundary T

We propose instead to set a computationally attainable objective
of defining or characterizing the boundary conditions for the solution
to be computed on a truncated finite domain that corresponds to the
same solution, but computed on a larger finite domain. We will
examine the concept of wave reflection from its definition to the
characterization of a reflective surface and show that any real or
imagined surface has a specific resistance to a propagating wave and
is therefore reflective, in general. We then define the impedance of an
open space and show how this impedance can be efficiently
implemented as an open-space impedance boundary condition
(OSIBC) on the solution at I' as if it is being solved on larger, or even
infinite, domains.

Until about a decade ago, the use of impedance had been confined
to solutions in the frequency domain and its description was
principally a dependent variable of frequency Z(w). The recent
successes in the development of broadband impedance models [§—
12] and their time-domain implementations as time-domain
impedance boundary conditions for the solution of wave
absorption/reflection problems inspired the extension of this concept
to the treatment of all boundaries, physical or artificial. We will
present various analytical open-space impedance (OSI) models and
demonstrate their efficient implementation for accurate time-domain
computation of waves in radiative and convective open spaces. We

will then propose a general methodology for numerically defining the
OSI of any finite domain intended for solutions of problems on open
spaces and show how this methodology can be applied to existing
schemes for solutions on truncated domains.

II. Wave and Impedance

Let ¢ (x, ) be the target solution defined on an open infinite
space, and let its initial value ¢(x, 0) be compactly supported; that is,
¢(x,0) vanishes for |x| > R, after some distance R, from the origin.
For 0 < t < t5, the solution ¢, (x, 1), if achieved, should be exactly
the same as that of d;(;c, 7), solved on a truncated domain D of

boundary I'; with the same initial value but with the boundary
condition

¢(}’ t)l? at Ty =0

where ¢ is the minimum time that takes the initial value #(x,0) to
propagate from R, to I';. If our interest, in practice, is
approximations of ¢, (x, ¢) for ¢ < t;; and over a domain D within
[), the boundary condition

B(p(}’ Z)|T' al = 0

for solving ¢(x, f) on D should be derivable from ¢(x, r) and not
necessarily related asymptotically to

¢oo(}’ t>|;—>oo

We will propose a way to construct the boundary operator B from the
readily achievable reference solution ¢(x, £). Conversely, because all
computations are finite in ¢, an appropriate D can always be chosen
for &(}, 1) to define B for routine solutions of ¢(x, £) on any truncated
D within D.

The classical approach to the solution ¢(x, ) of a space—time-
varying problem L¢ =0 on a domain D is through the Fourier/
Laplace transform or the assumption of time-harmonic behavior,
qg(}, w)e/® . The determination of qg(}, o) then depends on the initial
value ¢(x, 0) and the boundary condition as required by the spatial
derivatives in the governing equation. If the governing equation of ¢
involves up to second spatial derivatives (in particular, V?), the
closure of the spatially elliptic problem requires constraints of the
general form a(fg + b(jgn = (O atthe contour I"bounding the domain D.
Here, the subscript n denotes a derivative or component normal to I'
and the coefficients a and b may assume all complex values, whereas
they vary with w. The solution of this boundary-value problem
clearly depends on the ratio of b/a, which can be considered as a
generalized form of impedance Z(w, I'), traditionally defined as the
ratio between harmonic components of pressure p and velocity u,,
normal to I.

To have a better appreciation of impedance and its relation to the
reflectivity of a surface, consider the impingement of the advancing
plane wave ¢(x—1¢) [which satisfies the normalized two-
dimensional wave equation (9>/9¢> — V?)¢» = 0] on an imagined
inclined plane of angle 6. The corresponding pressure, x velocity,
and y velocity, respectively, are p = —¢,, u = ¢, and v = ¢, = 0.
This plane wave ¢(x — t), however, is incomplete as a solution of the
second-order wave equation, because the assumption of no receding
wave, ¥(x + 1) or u— p =0, is implicit. The velocity into the
inclined plane of outward unit normal n is

Up,=u-n=usnb

which corresponds to the impedance of

[~

1
7= ___
sin 0

=
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For this inclined plane as a surface, the ratio of the domain-entering
component u~ = u, — p to the domain-exiting component u* =
u, + p forms the reflection coefficient W = 7~ /ii*, which can be
bilinearly related to its impedance Z as

W= l—Z= s.1n9—1
14+Z sinf+1

Strictly by this definition, a surface of general orientation is not
nonreflective (i.e., no domain-entering wave component u~ = 0),
except for the normal plane of 6 = /2. Therefore, the notion of a
nonreflecting boundary for an outgoing wave is inappropriate in
reference to this definition of W, but the imposition of the reflective
boundary condition

-~ sinf—1
W=—"7"—
sinf + 1
ensures, in this case, the plane wave’s free exit; that is, Y (x + t) = 0.
The fallacy, perhaps, is to associate and extend the asymptotic
Sommerfeld radiation condition of lim,_, ., ¥(r 4+ ) = 0 to a finite
distance at which, in general, ¥ (r + f) # 0 in reference to the waves
of a point source at » = 0. The real difficulty thus far is to specify the
nontrivial domain-entering waves [e.g., Y¥(r + )] at an arbitrary
bounding surface I', for which the domain of dependence is,
unfortunately, exterior to I" of D. We will show how to specific the
OSI (W or Z) ofa bounding surface I'in an open space to ensure that
the exiting waves are compatible with the nontrivial domain-entering
waves.

We can now construct the reference solution q;(}, t) that satisfies
L¢ =0,

(,Z;(;C, t)l; atT' =0
or any homogeneous boundary condition, and
$(x.0) = ¢(x.0)

on alarge, conveniently shaped, domain D bounded by I’ 5 for which

a set of orthonormal eigenvectors e, (x, w;) satisfying iek =0and
e; (T, w,) = 0 can be constructed to yield

- Aelote, 0 <t<ts
¢wﬂ={?k ‘ b (1)

O0>tort=>ty

where A, = (¢(x,0),¢e,), {, ) denotes some inner product, and
Le®" = e/*' [, This reference solution is only conceptually needed to
show the existence of ¢(x, f) forx € D and 0 < < co. Thus, for an

arbitrary (but small enough) contour I" within I"5, the local normal-

~t . ~
to-I" incident ¢ to reflected wave ¢ of ¢(x,7) can then be
constructed to define the open-space impedance Z(w,I') or,
equivalently, the open-space reflection coefficient

I3

| <

W= 2

+

ASN

In the following sections, we will show ways to define, approximate,
construct, and implement various types of OSIBCs for numerical
solutions on truncated domains.

III. Open-Space Impedances of Radiative
and Convective Fields
A. Monopole OSI

The radiation of a monopole (Fig. 1) in two dimensions is
described in the frequency domain w(=kc) by the Hankel function
o= H(()z) (kr), which corresponds to the radial impedance

o X

Fig. 1 Monopole at origin O radiating toward an arbitrary surface I of

W
3 Wma |7
s I W,
(9]
5 06 =
8 0.4
o
o2
8
5 0
N
0.2 - ~,‘~»|-'
A
_04 5 ' | |
0 2 : . : |
wr/c

Fig. 2 Exact and modeled open-space reflection coefficients.

normal z at the distance r in an open spacey,
__p _JHy (kr)
PoClU, H(,Z) (kr)

3

m

and the reflection coefficient W, shown in Fig. 2, in which its real
part Wy and imaginary part Wy, Im(WH), are plotted against the
dimensionless wave parameter kr or wr/c. The reflective behaviors
of different harmonic components of the monopole are clearly
frequency- and distance-dependent. Although both real and
imaginary parts approach zero (nonreflective) asymptotically as
(kr)~!, albeit frequency-nonuniformly, the reflections (magnitude
and phase) of waves of higher frequencies are smaller than those of
lower frequencies at the same distance r from the origin of the
monopole. At any fixed distance r, waves of the lowest frequencies
(kr < 1) are highly reflective and phase-lagging. This reflection
coefficient WH is for the circular surface at a distance r from the
monopole origin. For a general surface I" for which the normal forms
the incident angle 6, with respect to the source (Fig. 1), the
corresponding reflection coefficient Wg can be geometrically related
to WH by

N cosf, — 1)+ (cosb, + 1 W
W9=( )+ ( Wy @
(cosB, + 1)+ (cos 0, — HWy

B. Implementation of OSIBCs

The key to the implementation of a time-domain impedance
boundary condition is finding the poles of W u» which decay to zero at
infinity and can be approximated as a sum of few (damped-harmonic-
oscillator) DHO conjugate pairs [11,12] for a wide class of reflection
coefficients; that is

WH%Wm:ZWk:Z M (&)
k

where s = jwis the Laplace variable. Each causal pole Re(A;) > 0 of
W corresponds to the time-domain reflection impulse

Wi(1) = e H(1)
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with which the reflected wave ¢~ (¢) is related to the incident ¢ (¢) at
T by

¢ (=) ¢ (1) ©6)
k
where
& (1) = 1ty A ~ e Mt (t— 1) dr

Equation (6) can be implemented in the time domain as the two-level
unconditionally stable recursive scheme with z, = e~

A
8L () = wld™ (0 + 5 (1= AT+ 1 (= A ()

Equation (7) is crucial in that it recursively imposes on ¢(f) and
pointwisely imposes on I” conditions that are traceable or derivable
from the solution interior to I" and before ¢, without reference to any
exterior condition. This implementation genuinely reflects the
mathematical nature of the initial-valued hyperbolic radiation
problem. It is important to note that Eq. (4) is in the form of

. A+BW
W9=+7AH 8)
C + DW,

The corresponding reflection impulse Wy(f) of Eq. (8) with
W, assumed and its distinct poles known [Eq. (5)] may be
approximated by

. A B—AD/C
Wor—+ lim ——— 9
¥ ; asty (ags + bp)C + D ©)
Thus, Wy(r) may assume the form
Dyt
A8 (B—AD/C)e "t
Wo=—¢ct Xk:( a,C
Ad(r
= —C( )y > e (10)
k

and can be implemented by Eqs. (6) and (7) as OSIBCs. It is
interesting to note that the first term A/C on the right-hand side of
Eq. (9) corresponds to the reflection coefficient of a plane wave:

Wee cosf, —1

71 +cosb,
which is the high-frequency limit of Wg in Eq. (8). And it is rather
surprising to find that the simple model

N 1

Wn=45115 (1
for which the real and imaginary parts W, and W,,; are plotted with
their analytic values in Fig. 2, well represents W, for kr > 0.5. This
model greatly facilitates the implementation of OSIBCs for radiative
fields.

Figure 3 compares the pressure contours, set with a range of 11
levels in increments of 0.015 from —0.097, of the radiation of an
initially Gaussian pressure pulse p(x,y,0) = e »20/9* on a
[-50, 50] x [-50, 50] rectangular grid Ax = Ay =8Ar=1atr=
70 (grid points traveled). The pressure contours are computed in
Fig. 3a with the no-reflection condition W =0, in Fig. 3b with the
plane-wave reflection coefficient Wé, and in Fig. 3c with the
broadband one-pole model W,,, of Eq. (11). This and the subsequent
demonstrations were obtained by a straightforward specification of
the domain-entering waves on the C3N wave solvers of Fung [13] for
the dimensionally split multidimensional linearized Euler equations.
Although the improvement due to the plane-wave effect is clearly
shown in Fig. 3b, the importance of preserving low-frequency,
phase-lagging, domain-exiting reflections is evident in Fig. 3c.
Figure 4 compares the same contours as in Fig. 3¢, but computed on
an off-center grid [—55, 45] x [—45, 53], showing the effectiveness
of OSIBCs and showing excellent agreement with contours
computed on the larger [—70, 70] x [—70, 70] grid.

C. Dipole OSI

Although pulsating sources or compactly initialized solutions can
be modeled as monopoles, dipoles (as various combinations of
monopoles) are often used to model the effect of closed bodies. The
monopole is purely radial (i.e., uy = 0). Dipoles are directional, with
an angular variation of u(r, 6, t) with respect to the dipole axis. It is
important to learn how such OSI can be constructed. Figure 5 shows
the placement of two monopoles on the x axis separated at a distance
of 2a. If other orientations are used, the measurement of 6 could be
appropriately defined, rather than using its assumed reference with
the x axis. The combined impedance has the form

_ Pt =Zm(krl)u] + Zu(kry)uy (12)
47 4, cos 0) + u,cosb, u, cos 0, + u,cos b,
In the limit of a — 0 and u; = —u,,
s
Z 13)

- (sZ,, + 1 — tan?0) cos 0

Because the poles of de are the zeros of 1+ Z,, de has an

additional pole compared with W,n, due to the term sZ,, in the
denominator of Eq. (13).

50 50 50 "
@) S 7 4 \

25 25 25

0 0 0
25+ 25 -25

O ﬁ

50 Q ‘ : : -50 : : 50 N : Zi

-50 -25 0 25 50 -50 -25 25 50 -50 -25 0 25 50
a) b) ©)

Fig. 3 Pressure contours of computed pulses with a) W= 0, b) plane wave VAV(;, and c) OSIBC of Eq. (11).
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AT

.70 I
70 55 70

Fig. 4 Demonstration of OSIBC effectiveness computed on a large grid
(dotted) and on the inset smaller grid (solid).

D. Convective OSI

An important application of OSIBCs is the convective flow.
Through the Prandt—Glauert transformation, the linearized Euler
equation can be mapped to the Helmholtz equation and the response
can be mapped to an impulse L$(r, 0) = 5(r) to the Hankel function,
to yield the convective acoustic potential

= (é) e*iﬂ’szrcos HH(()Z) (aﬂ’zkr) (14)

the convective impedance

y -~ ul
us
1
I3 Lo

‘P
1
1
1
1
|
1
I |
1
y i
r :
1
1
N 1

- 60 +/6 : R
a a x

Fig. 5 Dipole and orientations.

aMcosb—Z,

- Z.M cos & — i (13

M

and the corresponding convective reflection coefficient

Wy

_U—a—(acosE—cosOM + [V +a+ (acosé+ cos MW,
U+ o—(ecosE+cosOOM + [0 —a + (acosé—cos@)M]Wm
(16)

of the convecting impulse radiating in an open space, where

¥ = cosfcos& + B2sinfcos

cosE=n-i, and cos¢ =n - j; the latter two are the direction
cosines of a boundary surface at a distance r and angle 6 from the
origin. Equation (16) is in the same form as Eq. (8) and can be
similarly implemented as OSIBCs, per Eq. (10).

Figure 6 compares the pressure contours, again in increments of
0.015, of the radiation of the initially Gaussian pulse

p(r,0) = o7 n2/6

on a [—30, 30] x [-30, 30] rectangular grid at r =40 (grid points
traveled). The pressure contours are computed in Fig. 6a with the no-
reflection condition W = 0, in Fig. 6b with plane wave Wé, and in
Fig. 6¢ with Eq. (16) and the broadband one-pole model Wm of
Eq. (11). The results confirm, as before, the importance of the
preservation of low-frequency reflection. Here, a narrower,
marginally resolved, Gaussian pulse e~ "2/6 (for which the half-
width radius spans +/6 ~ 2.45 grid points) was used instead of the
half-width radius 5 in Fig. 3. The use of a shorter pulse affects the
smoothness of the circular contours in Fig. 6c. If a wider and
smoother pulse is used, local spurious reflections can easily be
detected from the deviated circular contours of the radiating pulse.

This deviation problem can be grasped by noting the following:

1) The initially Gaussian pressure pulse p(r, 0) = ¢~ % 2/¢ is not
concentrated, as assumed for Eq. (14), but is composed of distributed
sources of magnitude ¢~ *2/** over the half-width radius b of the
initially Gaussian distribution.

2) Equation (16), the OSI for boundary points at various distances
from the sources, is a highly complex and sensitive function of 6,
which measures the angles of a boundary point with respect to the
various origins of the distributed sources as they convect.

The pressure field p(r,, t, b, M) of a distributed source initially
centered at the coordinate origin O (Fig. 7) radiates, convects, and
reaches the fixed point A(x,, y,) in the Eulerian reference as the
source center convects from O at x =0 to O, at x = Mct. This
pressure is exactly the same as p(rz, t, b, 0) for a stationary source of
M = 0 radiating from O, where

15

15 30 0 15 30

Fig. 6 Pressure contours of computed pulses of M = 0.25 with a) W= 0, b) plane wave VAV(;, and c) OSIBC of Eq. (16).
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Boundary point 4 (XA’ V4 )

0 o,

Fig. 7 The pressure front A reaches distance r, as the center of a
distributed source reaches O,.

Fa=Mcti + ry(f)

which, in two dimensions, is

p(rg,t,b,0) = (:—A)zp(rA, t+ fa : rB,b,O)

B

asymptotically for large r; hence,

1
p(rA,z,b,M)=(r—*‘)‘p(rA,rJr’A ’B,b,O) (17
rg c

Similarly, the corresponding perturbed flow speed g(ry4, t, b, M) of
the convecting source can be related to that of the stationary source as

l —
q(ra, t,b,M) = (LA)ZLI("AJ'i‘rA rB,b,O) (18)
rg c

and its flow angle measured radially from O, increases from 8 to ¢ as

rycos 0 — Mct

cosp =
s
or
sineg =4 sin 0
=7

To a surface of n = cos E; + cos g} (Fig. 1), its impedance has
the form

p(ry,w,b,M
Zyy = M (19)
e e,
q(ry,w,b, M) cos
where

cos ¢ = cos ¢| cos ¢| + sin ¢| cos &|

1437

and can be approximated as

A

(UO +oit+ "')p(rf‘w vt — on,b,o)
A

(ﬁ() + ﬂlt + - ')q(rAv V[ - [Dx, b» 0)
or operationally expressed as

.9 9? eIV B (@
Zup = (UO +]UI%_UZW.“)M

Y
0 o P e n(/y)
9 N —— s | ——— 20
/(0+]law 23,7 ) Y (20)
and related to the monopole impedance of Eq. (3) by
Z, (o Ky + jKo0
Zuy = (0/y) (k) + jrow) Q1)

K3 + jK4@

The expressions of ¥;, 0;, and k; in terms of (r, 6, b, M) are derived in
the Appendix. The form of Eq. (21) suggests that the corresponding
reflection coefficients WM,[; can be related to W,,, of Eq. (§) by a
quotient of polynomials in @ that is one order higher than that in
Eq. (8) or by the addition of one pole to Eq. (10); that is,

i et k@) (L W) = (4 + joe) (= W,)

b N / - : o (22)
(K3 + ]K4w)(1 + Wm) + (Kl + _]Kz(,())(l + Wm)

The principal role of the additional pole is to account for the apparent

wave-speed and directional changes of a domain-exiting wave as it

leaves an artificially truncated boundary of an open space.

Figure 8a compares the computed pressure with the same initial
pulse of half-width radius 5 as in Fig. 3, but for M = 0.5at¢t = 40 on
a sufficiently large grid (dashed contours) and on a small grid (solid
contours) of [—30, 30] x [-30, 30]. Figure 8a shows the effective-
ness of Eq. (22), and Fig. 8b shows the inadequacy of Eq. (16) in
accounting for the wave-speed and directional changes of the
domain-exiting waves.

IV. Applicability of and General Procedures
for OSIBCs

As the complexity of a numerical solution increases, the analytic
structure of OSI may not be readily available or easily discerned. We
propose a general methodology specifically for the reduction of the
size of a grid on any existing algorithm. The procedures are as
follows:

1) Pick any existing numerical scheme for a particular problem.

2) Initialize some suitable, convenient, compactly supported
distribution of solution nonuniformities (e.g., space—time Gaussian
pulses) in space—time in the inner region of an existing grid.

60 60
30 30
0 ! 0
30 30
-60 ‘ ‘ s 60 . . .
-60 -30 0 30 60 -60 -30 0 30 60
a) b)

Fig. 8 Pressure contours of M = 0.5 computed on the inset small grid (solid) and on a large grid (dashed) with the a) OSIBC of Eq. (22) and b) OSIBC of

Eq. (16) .
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o0 Wgcomputed at (30, 0)
A Wgcomputed at (-30, 30)

0.8¢ ]
1 + Wgcomputed at (15, 30)
Eq.11 Wq
0.6 | Exact Wg b

+ Wccomputed at (30, 0)
< Wcomputed at (-30, 30) ||
x W, computed at (15, 30)
Eq.11W,

o
o

Reflection Coefficient
o
N

wr/c
Fig. 9 Comparison of computed and fitted monopole OSI models
Re(W) = Wi and Im(W) = W,.

3) Advance the scheme and allow the nonuniformities to
propagate outwardly just before their fronts reach the outermost grid
surface 'y or before their reflections reach the target boundary
T,(n <N).

4) Store the time sequences of all incoming and outgoing
characteristic variables (wave components, pressure wave, vorticity
wave, etc.) on and normal to the interior grid plane T',,.

5) Eliminate the solution’s dependence on the domain-entering
wave components by forming appropriately defined OSI, Z or Vf/n,
from the stored sequences. This is always possible, because a
complete finite-time solution to an equation model of the hyperbolic
type (having a finite domain of spatial dependence such as a time-
marching scheme for the Navier—Stokes equations) has already been
obtained.

6) Numerically fit and convert Vf/n constraints relating the domain-
entering to the domain-exiting wave components to a series of
damped harmonic oscillators (DHO) or their time-domain impulses

E et
%

7) Set I'y to I', with the corresponding OSIBC.

Figure 9 compares the reflection coefficients evaluated at the
points (30,0), (15,30), and (—30, 30) from the solution on the large
[—150, 150] x [—150, 150] grid, showing excellent agreement with
the analytical WH of the infinite open space. Figure 10 compares, on
the same large grid, the numerically computed reflection coefficients
of a dipole (oriented at 25 deg) evaluated for points (50,0), (50,30),
and (50,50), showing not only the excellent agreement with Eq. (13),
but also the sensitive angular dependence of Im(de).

Because the dipole decays faster than the monopole, the
implementation of the dipole OSIBC for the computed contours of

—— W exact at (50, 0)
A /s computed at (50, 0)
0.8 | \ —— Wgexact at (50, 30)
\ + R computed at (50, 30)
—— Wgexact at (50, 50)
O Wgcomputed at (50, 50)
W, exact at (50, 0)
< W, computed at (50, 0)

04t
\ \ — - W exactat (50, 30)
o W, computed at (50, 30)
—-- W exactat (50, 50)
¢ W, computed at (50, 50)

Reflection Coefficient
o
N
—

-0.8 : L L
0 1 2 3 4 5
orlc
Fig. 10 Comparison of computed and fitted dipole OSI models

Re(W) = W and Im(W) = W,.

Fig. 1lc on the [—10, 10] x [-10, 10] inset grid shows a slight
improvement over those of Fig. 11b computed for the dipole source
but with the monopole OSIBC of Eq. (11) and, clearly, the
inadequacy of the plane wave W@' in Fig. 11a. These results suggest
that an appropriate choice of OSIBC is rather flexible, depending on
the solution objective. The monopole OSIBC is not a poor
approximation for the dipole and therefore all higher-order poles.
Although the plane wave Wg, the first term on the right-hand side of
Eq. (9), may be appropriate for most high-frequency components
(e.g., Fig. 6b), the subsequent DHO poles are important for the
space—time accuracy of the lower-frequency components.

The fact that these results scale with wr/c suggests that an OSI
obtained by the Fourier transform of a time sequence of the solution
on a finite domain can be extended to solutions on larger or even
infinite domains. The OSI correctly casts the domain-entering waves
(for which the domain of dependence is exterior to the truncated
domain of interest) in terms of the domain-exiting waves as an initial-
value problem, per Eq. (7), rather than subjecting the domain-
entering waves to an asymptotic Sommerfeld-like constraint as a
boundary-value problem. This approach preserves the initial-value
nature of the radiation (hyperbolic) problem by a simple extension of
the finite-time-period solution characteristics and their Fourier
transforms [Eqs. (1) and (2)] to respective infinite-time-period
solution characteristics, rather than solving it as a formidable
boundary-value-problem of infinite spatial extent. In principle, a
strategy could be devised to employ the OSI obtained for an interior
boundary T, to the outmost boundary I'y, before the front reaches it.
The form of Wn as a series of DHOs also suggests the advantageous
selection and addition of terms as dampers or filters to bands of waves
(physical or spurious) by design, which is beyond the scope of our
work here.

20

20 ‘ 20

10

-10

-20 -10 0 10 20 ) -20 -1‘0
a) b)

10 20 “-20 10 0 10 20
¢)

Fig. 11 Pressure contours of dipole pulses computed on the inset small grid (solid) and on a large grid (dashed) with the a) plane wave W,;, b) monopole

OSIBC and c) dipole OSIBC.
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Fig. 12 Comparison of Im(W,,, — W,;) and Im(W, — W,,) at boundary points a) (0, 30) and b) (20,30).

Figures 12a and 12b show how, in practice, the effects due to pulse
width b and convection M on WM_b can be numerically studied by
computing W,, (solid lines in Fig. 12) for various M and b on a large
enough grid (here, [—120,120] x [—-120,120]) fitted as an
approximation to WM,b (dashed lines in Fig. 12) and implemented
for OSIBC applications, as already illustrated in Fig. 8a. A
comparison of WM of Eq. (16) with the numerically computed W,,
and with WM_,, of Eq. (22) for the boundary point (0, 30) (Fig. 12a)
and for (20, 30) (Fig. 12b) on I', of the reduced computational
domain [—30, 30] x [—30, 30] reveals that the principal difference is
the addition of a term of the form jwg (M, b, T',) (dotted-dashed lines
in Fig. 12), which was numerically fitted and applied for the result in
Fig. 8a. The w dependence of this purely imaginary term (Fig. 12)
shows a way to account for phase-sensitive differences in an OSIBC
that are due to locally varying wave speed and angle as waves exit I,,.

It should be noted here that caution be taken in the choice of
possibly noncausal approximations to WM,b. Although, in theory,
OSI'models such as Eq. (19) derived from causal processes are often
causal, their approximations [e.g., Eq. (21)] for implementation may
be noncausal and only conditionally stable [10,11]. So far, all the OSI
expressions, except Eq. (21), are causal and implemented as [Eq. (7)]
unconditionally stable for indefinite calculations. Because the
additional term in Eq. (21) at the low-frequency end behaves as jw
(dotted-dashed line in Fig. 12), which is noncausal for the
corresponding pole at @ — oo and can be implemented as a time
derivative requiring finite, but not arbitrarily small, time steps to
avoid amplification of high-frequency spurious waves in the solution
algorithm [10,11]. Better approximations may be possible, but at the

30

expense of algorithmic and analytic simplicity. Figure 13 shows a
subsequent frame of pressure contours that is similar to that in Fig. 8,
but computed to r = 200. The pressure contours are computed in
Fig. 13a with the no-reflection condition, in Fig. 13b with the plane-
wave high-frequency limit of Eq. (16), and in Fig. 13c with the
OSIBC of Eq. (21). Only the almost-straight, barely visible (shown
by a factor of 10~2 lower than the contour levels in previous figures)
residue-level (10~*) contours in Fig. 13¢ resemble the remnants of an
expanded convected pulse, whereas spurious reflections resulted
from the incompatible boundary conditions are evident in both
Figs. 13a and 13b. Because the C3N algorithm used is numerically
nondissipative [13], longer-time or indefinite continuations of all the
preceding cases (regardless of the OSIBC) have resulted in
decreasing spurious residue remnants.

It may also be of interest to note that the broadband OSI models
presented here are applicable not only for transient or finite-time-
period computations but also for time-indefinite computations. The
broadband initial pressure pulses were replaced by harmonic sources
for indefinite computations on truncated domains and can simply be
replaced by periodic or general time-varying sources with the same
broadband OSIBC derived from an initial pressure distribution as the
source. An OSI model so derived contains the basic phase-space
characteristics of a type of source emanating into an open space. Its
frequency wr/c range of applicability varies from the lowest 277/ T to
the Nyquist cutoff /At for a set of 7/Ar FFT data sample. The
development of OSI models for problems with local complexities
would, however, depend on whether a Green’s function can be
meaningfully formulated and practically constructed either analyti-
cally or numerically, which is beyond our scope here.
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Fig. 13 Scaled up (by 10~2) remnant pressure contours of the computed pulses of M = 0.5 at# = 200 with a) W= 0, b) plane wave W,;, and c¢) OSIBC of

Eq. 22).
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V. Conclusions

We outlined a new and general approach for the definition of OSI
for numerical solution of problems originally formulated on an
infinite open space but computed over finite-time periods and on
truncated domains. We have shown the analytic structures and
dependence of OSI on distance, frequency, surface orientation, type
of sources, convection, and variations of wave speed and angle. We
have outlined ways to analyze, study, and implement OSIBCs for
various types of sources and demonstrated the effectiveness of
OSIBC:s for stationary and convecting monopoles. We also proposed
a general methodology for the definition of OSI on existing
algorithms, discussed its extendability and validity, and provided
practical examples of OSIBCs for computations on reduced
domains.

Appendix: OSI of Convecting Monopoles

After coordinate transformation to the moving center
Mcti =7, — rg(1)
the pressure
Py = p(rat,b, M)
and total velocity
qu = q(ra.1.b, M)

at a fixed point A due to a convecting monopole of Mach number M,
Gaussian half-width b initially centered about the reference-frame
origin O at r = 0 resumes the form p(ry, 7, b, 0) and ¢ (7, t, b, 0) of
a respective stationary monopole, which radiates symmetrically
along characteristics 75 — ¢t about the moving origin O, (Fig. 7) and

decays asymptotically as r72; that is,
F(r.t,b,0) ~ rfo(r —ct)

At far distances from the origin, p(?B, t, b,0) can be related to

1 —_
(r—A)np(rA,l—{—rA rB,b,O)
rg c

and approximated as

pu(t) = (0 + 01D po(yt — t,y)
where

A —r
1+ E

Xyt — 1,y

_raa(a—Mcos O — ) — ry(M>a — M cos )
ox — 041326

(M?a — M cos 0)(1 + M cos @)
ap?

y=1-

cosf— Mc
1+ M2cT =2Mccos @

on = ra 1+(0-=9T
"7\ T.e 2T,

o :_(l_y)VrA/ch

! 27,

cos @ =

_ rA[Ta + 2(1 - V)T]

2T T?c
_ (y—Dry

i

riM?cos?0 + B*ri — ryMcos 6

T =
pe

Ta =lox — (rA/C)

TEITa+(1_V)T
Similarly,
au (1) cos(p — 0) ~ (g + Ot + 1> + ) qo (vt — 1,,)

where

¥y = 0y0,(cos 6] cos {| + sin O] cos &|)

000, Mc|cos |

¥ = 0403 cos 6| cos | — + 005 sin 0| cos &|

ra
+ 0,0, (cos 0] cos ¢| + sin 0] cos &)

¥, = 0,03(cos 0] cos | + sin O] cos &)

_ Mc(0,0,| cos §| 4 0903 cos &)

r'a

—0,03Mc| cos |
ﬁ3 [ - i S

T

The transformed pressure of an initially Gaussian pulse has the
form

) _o?
wr wrHy (wr/c)e”
Po\=— | = .
c 4bc

and the corresponding total velocity has the form

wr\ jorH?® (wr/ c)e‘%
‘IO — =
c 4bc

Regardless of the compact initial Gaussian distribution of half-width
b, the open-space impedance Z,, = p,/q, derived from the
response to a finite-width initially Gaussian pulse is exactly the same
as the Z,, of Eq. (3) derived from the response to the infinitely sharp
delta function. Hence, the OSI of the convecting monopole Z,, , =
P/ Gu is of the form of Eq. (20), of which both numerator and
denominator involve terms of

de~ s f ()
w
or
_ d b
e e ey
dw
Because
dbupy(@) _ 1 rHY o
do  © HP 2b

approaching (jr/c) — (w/2b) for @ > 0 and g, can be expressed as
Do/Z,,, the rational expansion of Eq. (20) then leads to Eq. (21),
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where

_ ooy + Y1 [tox + (r/c)]
Ky = )/2

—0,

2=

[5] Engquist, B., and Majda, A., “Absorbing Boundary Conditions for the
Numerical Simulation of Waves,” Mathematics of Computation,
Vol. 31, No. 139, 1977, pp. 629-651.
doi:10.2307/2005997

[6] Bayliss, A., and Turkel, E., “Radiation Boundary Conditions for Wave-
Like Equations,” Communications on Pure and Applied Mathematics,
Vol. 33, No. 6, 1980, pp. 707-725.
doi:10.1002/cpa.3160330603

(Boy + D1, + Doty + D3t r(9177 + 2By + 3058, ) + POy + 3051, + 10

Ky =

D1y? 4 21,057 + 30515, 2(0y + 3051,,) + 4ri;
2bry’ 2by’

Ky =
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